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ENUMERATION OF CODES OVER THE RING q qF uF+  
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Abstract. We count the codes over q qF uF+  by their generator matrices 
where 2 0u =  and q  is a prime power. We prove a theorem that gives a 
direct formula for counting the distinct (not necessarily inequivalent) linear 
codes over this ring. As a result of this theorem, we define Generalized 
Gaussian Numbers and state some of their properties. Finally, we present 
some number sequences which are new to our best knowledge. 
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1. INTRODUCTION 

The number of the subcodes of a linear code is one of the most important problems of 
the combinatorial coding theory. This problem was completely solved for the codes over finite 
fields and presented by Gaussian coefficients [8]. Formula which gives the number of subgroups 
of type µ  of a given finite p − group of type one were given by Delsarte [3], Djubjuk [4] and 
Yeh [16] in 1948. Calugareanu [2] found a formula which gives the total number of subgroups 
of an abelian finite group whose p − ranks do not exceed two. 

The number of linear quaternary codes has been obtained recently [13]. Further, some 
interesting number sequences which follow from so called Type I Generalized Gaussian 
Numbers are also presented [13]. Here, we study the number of linear codes over the ring 

q qF uF+  ( 2 0u = ): This ring has been of great interest to many researchers [1, 7, 10, 11, 15] and 
also found many applications. Our method for counting the linear codes is based on the 
construction of the generator matrices of the codes over q qF uF+ . We choose ordered linearly 
independent elements for the generator matrices. Moreover, we present some new integer 
sequences which follow as an application of the number of linear codes over q qF uF+ . This 
family of numbers is called Generalized Gaussian Numbers such as called in [14] due to 
resemble to the original Gaussian Numbers. Finally, we present some formulas and some new 
sequences. 

Let qF  be a finite field with q  elements where q  is a prime power. A linear code C  of 
length n  over qF  is a subspace of n

qF . 
A linear code over qF  is equivalent to a qF − code with generator matrix: ( )kI A . 
Definition 1. [8] For a positive integer 1q ≠  and all nonnegative integers k , the q −

ary Gaussian coefficient ( , )qG n k ( )n∈  are defined by 
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Theorem 2. [8] The number of distinct (although not necessarily inequivalent) [ ],n k −

codes over qF  is the q − ary Gaussian coefficient ( , )qG n k . 
For the proof of this theorem and some more details the reader is friendly directed to 

[8]. Let q q qR F uF= +  where q  is a prime power and 2 0u =  denote a finite ring of 2q  elements. 
Definition 1. An R  submodule C  of nR  is called an R − linear code, the elements of C 

are called codewords. 
Theorem 3. [10] A linear code C  over qR  is permutation equivalent to a code with 

generator matrix of the form  

 1

2

11 12

220
k

k

I A A
uI uA

 
  
 

 (1) 

where ijA ’s denote matrices whose entries are from qR  and 
1kI , 

2kI  are identity matrices of 
sizes 1k , 2k  respectively. The number of elements of C  is equal to 1 22k kq + . A linear code C  
generated by the matrix (1) is called a ( )1 2,k k − type code. 

2. CODES OVER q qF uF+  

In this main section, we present a direct formula which gives the number of all distinct 
codes over qR  which is the main goal of this paper. The ring ( )2[ ]q q qF uF F u u+ =  where 2 0u =  
has 2q  elements in total and has both units and non-units. The non-units are multiple of u  and 
units are not. There are ( )1q q−  units and 1q −  non-units. If an element of { }\ 0qR  is a unit we 
say that its order is 2q  (generates the all ring as an ideal) otherwise q . 

An element of the ring n
qR  is said to be free if at least one of its entries is a unit 

otherwise it is called non-free. Hence, free elements of n
qR  are of order 2q  and non-free 

elements are of order q . Zero vector is of order 1 and it is neither unit nor non-unit.  
Now, we state and prove the main theorem: 
Theorem 4. The number of distinct (not necessarily inequivalent) 1 2[ ,( , )]n k k − codes 

over qR  is 
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 (2) 

Proof. In order to find linear codes of length n  and type ( )1 2,k k  over qR , we construct 
their generator matrices. First, we choose 1k  linearly independent elements of order 2q  and 2k  
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linearly independent elements of order q  from n
qR and then we construct a generating set whose 

elements are linearly independent of type  ( )1 2,k k . 
We choose the first element of order 2q  in 2n nq q−  different ways since nq  gives the 

elements whose order is not 2q . The second element is chosen in  2 .n nq q q−  different ways. By 
continuing in the same way, we choose 1k  linearly independent elements of order 2q  in 

 ( )( ) ( )1 12 2 2. kn n n n n nq q q q q q q q −− − −  (3) 

different ways. We first choose 2k  linearly independent elements of order q . We do the first 
choice in 1knq q−  different ways since 1kq  gives the number of elements whose order is less 
than q . Continuing in the same way, we obtain 2k  linearly independent elements of orderq as  

 ( )( ) ( )1 1 1 21 1k k k kn n nq q q q q q+ + −− − −  (4) 

By multiplying (3) and (4), the first part of the proof follows: 

 ( )( ) ( )( )( ) ( )1 1 1 1 21 1 12 2 2. k k k k kn n n n n n n n nq q q q q q q q q q q q q q− + + −− − − − − −   (5) 

Now, we construct a linearly independent generating set in a similar way we did in the 
first part of the proof. Here, the number of elements in which we do the choice is 1 22k kq + . Hence, 
similarly, we write the number of 1k  linearly independent elements of order 2q  and 2k  linearly 
independent elements of order q as  
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We take (5) as the numerator and (6) as the denominator, and then the result gives the 
number. 

Corollary 5. The number of distinct (although not necessarily inequivalent) 

1 2[ ,( , )]n k k − codes over 2 2 2R F uF= +  is  
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Corollary 6. The number of distinct (although not necessarily inequivalent) 

1 2[ ,( , )]n k k − codes over 4 4 4R F uF= +  is 
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Note: If 1 0k =  and q  is a prime, then we obtain Gaussian coefficient 
2

.
qR

n
k
 
 
 

 
Example 7. We calculate the number of distinct ( )2, 1,1  −  codes over 4 4 4R F uF= + . 

From (8),  

 ( ) ( )( )
( )( )

4

2 2 2
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16 4 4 4
2 5

16.4 4.4 4.4 4
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− −
= =

− −
 (9) 

distinct ( )2, 1,1  −  codes over 4R . 
Indeed, these codes are given by the following generator matrices: 

 
ˆ1 0 1 1 1 1 0

, , , ,
0 0 0 0 0 1

w w u
u u u u
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where w  and ŵ  are the elements of 4R . 

3. APPLICATIONS 

3.1. Properties of  
1 2,
qR

k kN  

Similar to Gaussian coefficient, some properties for Generalized Gaussian Numbers 
(similar results are given for Generalized Gaussian Numbers in Theorem 6 of [14]) are 
presented in this section where 4.q =  

Theorem 8. Let n  be a positive integer. 4 4 4R F uF= + , ( )1 2, ,k k k n≤ . The numbers
( )4

1 2,
R
k kN n  satisfy the properties given in [14]: 
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Proof. The proof follows by applying the definitions. 

3.2. Some New and Existing Sequences 

Here, we list the number of some linear codes over R4 which give us some number 
sequences. Some of these sequences are new which do not exist in the literature and some of 
them are existing sequences [12]. 

Table 1: The number of codes of given type and length 
(k1,k2) n Number (k1,k2) n Number (k1,k2) n Number 

 
 
 
 
(0,1) 

1 1 

 
 
 
 
(1,0) 

1 1 

 
 
 
 
(2,1) 

3 21 
2 5 2 20 4 28560 
3 21 3 336 5 31164672 
4 85 4 5440 6 32411258880 
5 341 5 87296 7  
6 1365 6 1397760 8  
7 5461 7 22368256   
8 21845 8 358158480   

(k1,k2) n Number (k1,k2) n Number (k1,k2) n Number 

 
 
(1,1) 

2 5 
 
 
(1,2) 

3 21 
 
 
(2,2) 

4 357 
3 420 4 7140 5 973896 
4 28560 5 1947792 6 8507955456 
5 1855040 6 59579520 7  
6 119159040     

Table 2: Some new and existing sequences 

an
0,1 Existing sequence 

(A002450) an
1,2 New sequence 

an
0,2 Existing sequence 

(A006105) an
1,3 New sequence 

an
0,3 Existing sequence 

(A006106) an
2,0 New sequence 

an
1,0 Existing sequence 

(A166984) an
2,1 New sequence 

an
1,1 New sequence an

2,2 New sequence 
 

These sequences are compared to Sloane’s list [12]. Some of them exist and some are 
new. The sequences an

0,2 (A006105) and an
0,3  (A006106) given in Table 2 give the Gaussian 

coefficient 
4
( ,2)RG n  and 

4
( ,3)RG n , respectively. 

4. CONCLUSION 

In this paper, we have developed and proved a direct formula for the number of linear 
codes over the ring q qF uF+ . We also obtained some new interesting number sequences. Further 
research on this topic would be studying the number of linear codes over different finite rings. 
Also, studying the properties of generalized Gaussian numbers is an interesting topic to be 
explored further. 
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