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Abstract. The superlattice, consisting of two periodically repeating films, is 
analyzed in proposal paper. Due to the structural deformations and small thickness, 
the acoustic phonons do not appear in these structures. The spontaneous appearance 
of phonons is possible in an ideal structure only. Therefore the thermodynamical 
analysis of phonon subsystems is the first step in investigations of superlattice 
properties. Internal energy as well as specific heat will be analyzed, too. Low-
temperature behavior of these quantities will be compared to the corresponding 
quantities of bulk structures and of thin films. The general conclusion is that the 
main thermodynamic characteristics of superlattices are considerably lower than 
those of the bulk structure. Consequently, their superconductive characteristics are 
better than the superconductive characteristics of corresponding bulk structures. 
Generally considered, the application field of superlattices is wider than that of bulk 
structures and films. 

 
PACS: 63.22.Np, 65.40.Ba, 65.80.-g, 68.65.Cd 

 

1. INTRODUCTION 

Possible applications of superlattices require knowledge of their thermodynamic 
characteristics [1]. Regardless of the type of superlattice, the thermodynamics of their subsystems 
(electrons, excitons, spin waves, etc) are determined when the subsystem is in thermodynamical 
equilibrium with the phonons [2–5]. Therefore the thermodynamical analysis of phonon subsystems is 
the first step in investigations of superlattice properties. Internal energy as well as specific heat will be 
analyzed, too. Low-temperature behavior of these quantities will be compared to the corresponding 
quantities of bulk structures and of thin films [6–9]. This should describe the approach which we 
would use for the book that deals with thermodynamics. 
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2. THE MODEL 

It will be assumed that the symmetry is disturbed along the z-direction. Translation symmetry 
of the cubic structure is conserved in XY planes. In the Fig.1 the scheme of a superlattice in the z-
direction, only, is given.  

 

Fig. 1: The model of superlattice. 

The Hamiltonian of the phonon subsystem [9] of a superlattice can be written as follows:  
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All of these formulas are given in the nearest neighbor approximation. Taking into account 
that a superlattice is a periodic crystal structure, the following cyclic conditions for any configuration 
function are valid: 
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Allowed values for the z-component of the wave vector zk  are defined by integer 
{0, 1, 2,zν ∈ ± ± … ... / 2}.zN±   In this way the boundaries of the first Brillouin’s zone in z-direction are 

defined as follows: 
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We now introduce the symbolic notation: / / / / / /{ , , }, 2, 2x y z x y z x y z x y zn n n n n N N ≡ ∈ − 
 , where: 

/x yn  is a counter of lattice nodes in x and y direction, zn  is a counter of positions along the basic 
motive of superlattice (z direction), ln  is a counter of node positions within the basic motive. 

3. DISPERSION LAW 

The phonon dispersion law will be found using the Green's function [10]:  

 , , , , , , ,( ) ( ) ( ) ( ) [ ), ( )]
l l l l l ln n m m n n m m n n m mG t t u t u t t t u t u tθ′ ′ ′ ′− ≡ = −       (4) 

with the equation of the motion of the form: 
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where ( , )i a bM M M∈ . After the calculation of the commutators from (5) and application of partial 
configurational Fourier’s transformation (this transformation is applied to coordinates x, y and z but 
not to coordinate l, where the translation symmetry is disturbed): 
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where 
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we obtain the system of a bn n+  non-homogeneous algebraic-differential equations for Green's 
functions. This model can be reduced to the model of a simple cubic lattice (and in this way 
simplified) with the help of substitutions: 
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In “cut-off” case ( 1, a bα β ρ ρ ρ= = = = ), the system of equations of phonon Green’s 
functions in superlattices in individual layer is: 
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were are zx ak≡ . We seek for the solution equations in the form isx
sG Pe= . Since 1 e ix

s sG G ±
± = , for 

Green’s function we obtain the following expression: 
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The poles of Green’s function determine value ρ , where from (9) following dispersion law of 
phonon was obtained: 
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In small wave-vector approximation: 2 2 2; x y zk ak k k k kω =Ω = + + , the maximal wave-vector 
value is determined as:  
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4. THERMODYNAMICAL BEHAVIOUR 

Internal energy of the system is [10]:  
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where phonon dispersion law is given by akΩ . Introducing substitution: max /ak θΩ  after partial 
integration we obtain the following expression for internal energy 
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Since the specific heat is given by [9]:  
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using (12) we find that: 
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Temperature dependence of the thermal capacity is determined by two specific terms. First 
term is: 1(1 e ) /

m
θ θ

∆
−≈ −  which is “responsible” for behavior of the system at extremely low and 

extremely high temperatures. Second term containing zeta functions characterizes temperature 
behavior in middle temperature range. Graphical presentation of the temperature dependence of 
relative thermal capacity 0( ) ;bfs bfsC C x C≡  3

0 02( )BC k E= ∆ ; / Dx θ θ≡  is given on  Fig.2. 

5. CONCLUSIONS 

The superlattice, consisting of two periodically repeating films, is analyzed in proposal paper. 
Due to the structural deformations and small thickness, the acoustic phonons do not appear in these 
structures. The spontaneous appearance of phonons is possible in an ideal structure only. The general 
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conclusion is that the main thermodynamic characteristics of superlattices are considerably lower than 
those of the bulk structure. Consequently, their superconductive characteristics are better than the 
superconductive characteristics of corresponding bulk structures. Generally considered, the application 
field of superlattices is wider than that of bulk structures and films. 

 

Fig. 2: Specific heats of bulk (b), films (f) and superlattice (s). 

From the Fig.2 it can be concluded the behavior of thermal capacity of superlattice is similar 
to that of film (it is higher then in bulk structure) while difference is more expressive in middle 
temperature range. So, it can be concluded that the superlattices in low temperature range are 
somewhat better heat conductors than the bulk structures. In the same time the heat conduction of 
films is higher than that of superlattices. On the other hand in high temperature range superlattices are 
better heat isolators than film structures and the corresponding infinite crystal structures. 
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