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HARMONIC OSCILLATOR DRIVEN BY GENERALIZED
NOISES: OVERDAMPED BEHAVIOR

T. Sandev!

'Radiation Safety Directorate, Partizanski odredi 143, PO Box 22,
1020 Skopje, Macedonia

Abstract. An analytical treatment of a generalized Langevin equation for a
harmonic oscillator driven by generalized noises is presented. The
overdamped limit (cases of high viscous damping) as a model of
conformational dynamics of proteins is considered. The behavior of the
oscillator is analyzed by calculation of the mean square displacement and
normalized displacement correlation function. The results are expressed in
terms of Mittag-Leffler type functions. Standard Brownian motion is a
special case of the considered model. It is shown a good agreement with
some experimental results.

PACS: 02.50.—, 05.40.—a, 05.10.Gg, 05.40.Ca

1. INTRODUCTION

The standard Brownian motion, which represents a random process driven by Gaussian
white noise, can be analyzed either by standard diffusion equation for the probability
distribution function or by stochastic Langevin equation for a Markov process, where the
consecutive displacements are independent. Analysis lead to Gaussian form of the probability
distribution function u xt (1/«/47rK )exp( 2/4K1t),where K, is the diffusion coefficient
of dimension [K,]=m? /s, and linear dependence of the mean square displacement (MSD) on
time, i.e. (x*(t)) =2K,t. Normal diffusion appears when the microscopic time scale is short
comparing with the observation time. Contrary, one may observe deviations from Brownian
diffusion. Thus, MSD has a power law dependence on time (Xz(t)>=2Kat“/F(1+a) [1],
where K_ is the generalized diffusion coefficient of dimension [K ]=m?/s”, and « is the
anomalous diffusion exponent. Such diffusion is the so-called anomalous diffusion
(subdiffusion if O<a <1 and superdiffusion if 1<), which is a characteristic for non-
Markovian processes, and can be observed in different systems [1-4]. This means that the
evolution of the system in a given moment of time t depends on the past; the time domain of
the memory is long comparing with the characteristic time scale of the motion. Anomalous
diffusion can be studied either by fractional differential equations for the probability distribution
function [1,5,6] or by stochastic equations, such as the generalized Langevin equation (GLE).
GLE for a particle of mass in a given potential V (x) is given by [7]:
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mx(t)+f;7(t—t')x(t)dt'+wz5(0’ (1)

X
X

where x(t) is the particle displacement, v(t) is the particle velocity, F(x)=-dV (x(t))/dx is
the external force acting on the particle due to the potential V (x), y(t) is the frictional
memory kernel, and &(t) is a stationary random force with a zero mean <§(t)>=0. Its
correlation is given by:

(¢t =C(t-1). )

The notation (-) means an ensemble averages, i.e. statistical averaging over an
ensemble of particles at a given moment of time t. In case when fluctuation and dissipation
come from same source then correlation (2) is related with »(t) via the second fluctuation-
dissipation theorem [7]:

C(t)=k,T7(t) )

where k; is the Boltzmann constant and T is the absolute temperature of the environment in
which the particle is immersed. Otherwise, relation (3) does not hold. GLE (1) can be derived
from the Hamiltonian representing the physical microscopic interactions between the particle
and the surrounding complex environment [7].

The case of large friction (high damping) in GLE (1) usually is analyzed to model
experimental data related to the movements within proteins. Large friction means that the
acceleration of the particle x(t) is negligible. Due to the liquid environment of proteins
frictional term usually is very high, so the overdamped behavior of the particle is of importance
[2,8,9]. When the movement is confined to a short range, which is a case for movement within
proteins, the potential function can be well approximated by a harmonic potential
\ (x) =mw°x* /2, where o is the oscillator frequency. Thus, GLE (1) in which appears a term
of form mwzx(t) represents a suitable model of anomalous dynamics within proteins [2,8,9].

Different frictional memory kernels ;/(t) have been introduced. In [10] we introduced
an internal noise with correlation of form:

z_a& a,p z_a

C t*

C(t)=—"L2t/E? (——j, (4)
where 7 is the characteristic memory time, C, ,; is a coefficient independent on time and
which may dependson & >0, >0, §>0. Here Ejﬁ (-) is the three parameter Mittag-Leffler
(M-L) function E] ;(z)= i(ﬁ)k/r(akJrﬁ)-zk/k!, (ﬂ, 0,7 € C, ‘J%(a)>0), (5), is the
Pochhammer symbol, (o), kzzol, (0), =T'(0+k)/T(9).
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For 6=1 it becomes a two parameter M-L function E;  (z)=E,,(z) and for
B=5=1 — one parameter M-L function E;,(z)=E, (z). By using asymptotic expansion
formula [12], E.,(z)=(-2)’/T(5) iF(5+k)/F(ﬂ—a(5+ k))-(=2)* /K1, |z]>1, for large
values of z, it can be shown that 7 (t) satisfies lim 7(t)=!LrL\ sy(s)=0 [10], where
7() =Ly ®1=7, 555" /(s +77°)° is the Laplace transform of  y(t),
Yaps =Ca,m/kBTr“5 [10]. The case 7 >0, a#1, B =0 =1 yields the power law frictional
memory kernel C(t)=C_t™ /I'(l-«), which has been used to model anomalous diffusive
processes [13-15]. Note that the standard Brownian motion is a special case of the considered
problem and can be obtained in case when ¢ =f=6=1 and z— 0 (noise term becomes the
Dirac delta or white noise). In [10,16-19] M-L frictional memory kernels were used as
generalizations of the one of power law form. In [19-21] fractional GLEs with different noise
terms were analyzed and used for modeling generalized diffusive processes.

This paper is organized as follows. In section 2 formal solution of the GLE is given.
The asymptotic behavior of the oscillator in the long time limit is analyzed. Exact results for the
MSD, and normalized displacement correlation function in case of generalized internal noises,
in the overdamped limit, are derived. Some possible applications of the considered model are
discussed. Conclusions are given in section 3.

2. GLE FOR A HARMONIC OSCILLATOR.
SOLUTION AND RESULTS

Let us solve the GLE (1) for a harmonic oscillator. By Laplace transform one obtains:

X(s):xo[s-l_aﬂ (s)]+[vo+%F(s)}G(s) (5)

\7(s)={v0 +%ﬁ(s)J@(s)_w2xoé(s) ©

where X (s) = L[x(t)], V(s) = L[v(t)], X, = x(0) and v, =v(0) are initial particle displacement
and initial particle velocity, respectively, If(s) =L[&()],

Sfl

I(s):sz+s;?(s)/m+a)2' "
G (s)= sf(s), G(s)= sG (s). The inverse Laplace transform of relations (5) and (6) yields:
2 1 NPT
X(t)=%[1-a I(t)]+voG(t)+E£G(t—t )E(t)dt =
(8)
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v<t)=vog<t>—w2xoe(t>+%i o(t-t)e(t)n =
° ©

)+=[g )t
m

o'—.~v

where (x(t)) = X,[L— @ ()] +V,G(t), (v(t)) =V,0(t) — @*x,G(t) are mean particle displacement
and mean particle velocity, respectively, and I(t)= L‘l[f(s)], G{)= L‘l[é(s)] and
g(t)=L"[g(s)] are the so-called relaxation functions. They are related to the MSD (x*(t)),
time-dependent diffusion coefficient D(t)= (1/2)d(x?(t))/dt , velocity autocorrelation function
(VACF) Cv(t)=<v(t)v(0))/(v2(0)>. In the long time Ilimit (t—o), one obtains
(X2 (1)) = (2ky T /m)I(t), D(t) = (k,T/m)G(t) and C, (t) = g(t) [14,16,17].

2.1. Asymptotic behavior

Sometimes, finding the relaxation functions is very complicated problem. Since we are
interested to analyze the anomalous diffusive behavior of the oscillator, we investigate the
asymptotic behavior of relaxation functions in the long time limit by using Tauberian theorem
[22]. It stands that if the asymptotic behavior of a given non negative and monotone function

r(t) for t > oo is r(t)=t™, then its corresponding Laplace transform pair f(s) = L[r(t)], has
the behavior F(s)=T'(1—a)s“ ™, for s—0. Thus, for g -1<ad < f+1, it is obtained:

i( ) 2k+2Ek+(11+ 5-).2k 3( Caps tz_(1+“‘$_ﬂ)J
“ LU kgTm

k=0

KeTM 1,05 ke TMe’
=Bt Erouo-p2ras—s (‘ithw_ﬂ J for t— .

a,f,0 Ca,B,IS

(10)

By using E, ,(z)=2E,,,, (z)+1/T (), relaxation function (10) yields the MSD:

2
<X2 (t )> - Zk_B-Iz[l_ Epvns s [_kérﬂtlms—ﬁﬂ ’ (11)

Mo a.B.5

from where we find D(t) and C, (t). Relation (11) turns to (x(t)) =t"**/T'(2+ad - B) in
case of a free particle (V(x)=0) [10], from where one concludes that anomalous diffusion
occurs (subdiffusion if g-1<ad < and superdiffusion if g <ad < +1). Relation (11)
gives the equilibrium value (xz(t)>t_m=2kBT/ma)2. Note that relation (10) is the exact
expression for the case z—0. The result for C,(t)=t***/T'(ad - B) can be used, for
example, in the description of experimental data for VACF in the motion of atoms in liquid
argon [23]. For o = =06 =1 it is obtained the result for the standard Brownian motion, i.e. a
linear dependence of the MSD on time.
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2.2. High viscous damping

Next we investigate the behavior of oscillator in case of high friction. Neglecting the
inertial term, by applying an inverse Laplace transform [24] of relation (7), relaxation function
becomes:

k

- s 1< Va.ps _1)k t”
I (t)=L" —_ == _lap t(ﬂ )Eﬁk L 12
0( ) {S}/(S)/m+a)2j| a)z ;[ ma)z J av(ﬁ—l)k-HL z_a ( )

From the asymptotic expansion formula for the three parameter M-L function, I, (t)
becomes:

K, TmM 1.5 k. Tmao? ,..5
Io(t):CB—tl ) ﬁEl+a5—,312+a§_ﬁ (_E:—tl 3 ,BJ:
a,p,0

1 k. Tmo® 1,5
:_2[1_ ST (_(B:—tl ’ ﬁﬂ,
w a.p.5

in the long time limit. Thus, MSD has the form (11). Thus, the anomalous diffusive behavior of
the oscillator may be investigated by considering high viscous damping, instead of the GLE (1).

a,B,0

(13)

2.3. Results and discussion

Let us now consider the following initial conditions: (x}) = kBT/ma)2 , (XVe) =0, (&(t)x,) =0
[15]. Thus, for the normalized displacement correlation function given by C, (t) = (x(t)x0>/(x§> :
which is an experimentally measured quantity, one obtains:

-1 1_ CUZS?l —1_ 2
Cy (t)=L L —s;?(s)/m+a)2} 1-w°l,(t) (14)

where 1,(t) is given by (13). For z — 0 it follows C, (t) = EM(;_/,(—(kBTma)Z/Cayw)t““(’V'ﬂ),
which is in agreement with experimental results for the fluctuations of the distance between
fluorescein-tyrosine pair within a single protein [9].

Let us further analyze obtained results. Firstly, note that relaxation function (12) is
represented in terms of infinite series of three parameter M-L functions. The long time limit
yields relation (11) which is represented by one parameter M-L function. It is known that
f(t)=E,(-t") is a completely monotone function for 0 <« <1 [25], i.e. (-1)" £ (t)=0 for
allt>0andalln=0,1, 2, .. The case 1<« may show interesting oscillation-like behavior. By
taking constants that appear in relation (11) equal to one and by using w=1, the MSD (11) is
completely monotone for 0<1+ ad — f#<1. From Fig. 1(a) (w=1) we see that for ¢ =3/2,
p=1, 6=1/2 (solid line), and a=1/2, p=7/16, 5=3/4 (dashed line), MSD has
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monotonic behavior since 0<1+ad — f<1. For ¢ =5/4, p=1/2, 6 =1 (dot-dashed line),
and a=3/4, p=1/4, 5§=1 (dotted line), MSD shows oscillation-like behavior since
1+ad — B>1. In Fig. 1(b) graphical representation of C, (t) =1- @’ (t), where | (t) IS given
by (10), for ¢=1/2, p=7/16, 6 =3/4, is presented. We see that for »=0.3 (solid line),
C, (t) has monotonic decay and does not cross the zero line. For @ =3 (dashed line) and o =1
(dot-dashed line), C, (t) crosses the zero line and it has oscillation-like behavior. For o =0.74
(dotted line), C, (t) has non monotonic decay. It approaches the zero line but does not cross it.
These results are different than the ones for a classical damped oscillator, where only two types
of motion may appear: overdamped motion when (x(t)) >0 for any time t when (x,) >0 and
there are no oscillations, and underdamped motion when (x(t)) crosses the zero line and
oscillates [15]. The frequency on which transition from overdamped to underdamped motion
appears is so-called critical frequency. Here, in the considered GLE, there are additional
definitions of critical frequencies [15] on which the oscillator changes its behavior, for example
from monotonic to non monotonic decay of C, (t) without crossings of the zero line. They
depend on parameters of the frictional memory kernel and their estimation is a nontrivial
problem [15]. Such oscillations, as shown in Fig. 1(b), were observed in the molecular dynamic
simulations of fluctuations of donor-acceptor distance for a single protein [26]. Furthermore,
such oscillations and power law decay of the distance between fluorescein-tyrosine pair within a
single protein have been observed experimentally [9].

3. CONCLUSIONS

It is shown that the GLE for a harmonic oscillator is a suitable model for anomalous
dynamics within proteins. It is shown that the case of high friction, which is simpler, can be
used for analyzing the anomalous diffusive behavior instead of the GLE (1). The obtained
analytical results for the MSD and normalized displacement correlation function are in good
agreement with some known experimental observations.
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Fig. 1: Graphical representation of: (a) MSD; (b) C, (t)
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XAPMOHUCKH OCHUJIATOP IBUKEH CO
I'EHEPAJIM3BUPAHU IIYMOBHU:
HOBEJAEHHUE ITPU CUJIHO TPUEIBE

T. Ca}meB1

1,Z]upem;uja 3a paoujayuona cueyprocm, [lapmuzancku oopeou 143,
II®ax 22, 1020 Ckonje, Penyonuxa Maxedonuja

Ancrpakr. IIpeseHTHpaH € aHaIUTHYKK TpPEeTMaH Ha TeHEpaIM3HMpaHa
paBeHka Ha JlamkeBeH 3a XapMOHHUCKM OCLMJIATOpP JBHXEH CO
reHepaIM3UpaHy IIyMoBHU. Pasriieia e ciiy4ajoT Ha CHIIHO BUCKO3HO TPUEHE
Kako MojeJ 32 KoH(popMalnoHa AMHAMUKA Ha TpoTenHH. [loBeneHuero Ha
OCLIMJIATOPOT € aHAIM3MPaHO CO IIPECMETYBame Ha CPEIHOTO KBAJAPAaTHO
MIOMECTYBakh¢ 1 HOpPMHpaHaTa KOpeJaluoHa (QyHKIHja Ha TOMECTYBAaHETO.
Pesynrature ce mpercraBeHd co momoll Ha ¢yHkuuuTe Ha Mutar-Jlediep.
CranmapnHoto bBpayHOBO IBIKEH€ IIpeTCTaByBa CICIMjalieH CIydaj Ha
pasrnenaHnor Mopen. IlokaxaHa e mo0Opa COMJIACHOCT CO  HEKOH
SKCIIEPUMEHTAJIHU PE3yJITaTH.
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